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I. INTRODUCTION

R
ECENT scientific breakthroughs, such as efficient injection of spins from a ferromagnet to a semiconductor [1] , long-lived spin coherence in a semiconductor, electric and optical control of such spins [2] - [4] , high-temperature ferromagnetism in magnetically doped III-V semiconductors [5] , and carrier control of ferromagnetism [6] , [7] , led to a vigorous growth of the emergent field of semiconductor spintronics.
Various semiconductor logic devices that are using the spin degree of freedom for their operation have been proposed: the original spin modulator by Datta and Das [8] , the spin filter [9] , the unipolar spin transistor [10] , the semiconductor magnetic bipolar transistor [11] , [12] , and many others. The commonality of these devices is that they utilize some form of dependence of carrier transport (e.g., conduction, injection, and relaxation) on spin in order to control the current through the device. The spin state in its turn is controlled by the magnetization of a ferromagnetic contact or by the external electromagnetic field. In such an approach, one can at best filter a fraction of the current based on its spin and thereby increase the spin-polarization degree of the current without increasing its magnitude.
We believe that the future of spintronics depends on its ability to demonstrate a device with spin-polarization gain, akin to an electronic transistor with gain where a gate (or base) current controls a larger source-drain (or emitter-collector) current. Similarly, a small current with maybe only a small spin polarization must create a large spin polarization in a large output current; it also must control the direction of the polarization. (The definitions and the reasoning are quantified below.) In the device we propose, which we call a "spin gain transistor," spin gain is achieved via creation of conditions for the ferromagnetic transition by injecting enough carriers and then switching a small spin-polarized control current which acts to break the isotropy and to induce spontaneous magnetization in the same direction as the control current. Note that no external magnetic field is required for operation of the device. Voltage control of magnetism in a field-effect transistor (FET) has been discussed in [13] . Our device shares some similarities with magnetic bipolar transistors [11] , [12] . The difference is that our device operates with just majority carriers; the base is not initially magnetized, as its magnetization is controlled by a small base current. Also, our scheme does not require an optical field to control ferromagnetism in the base. It is also different from the unipolar spin transistor [10] since it does not use junctions between regions with opposite magnetizations. This paper is organized as follows. In Section II, we qualitatively describe the underlying physical phenomena and the principle of operation of the proposed device. In Section III, a detailed description of the mathematical model for the device is provided. We develop a theory of the spin dynamics in the transistor based on the semiconductor Bloch equations (SBEs) [14] containing Coulomb interaction between carriers. We show that the equations are capable of describing the collective ferromagnetic state of the spins. Various relaxation processes, injection, and removal of carriers by current are naturally incorporated into this approach, whereas it would be difficult in other many-body techniques, such as the mean-field theory [15] , Green's function approach [16] , or density functional approach [17] . Though high ferromagnetic transition temperatures ("Curie temperature") have been achieved in semiconductors via the interaction of free carriers with localized spins of magnetic impurities, such as Mn, in this study we deliberately keep the model of ferromagnetism simple, including just the carrier interactions. The theory of realistic magnetic semiconductors would, of course, require lifting this limitation. Section IV contains the numerical results and their discussion: evolution of spins in the magnetic field, state of the spontaneous ferromagnetism without the field, and a time-dependent description of the transistor operation. This paper is summarized in Section V.
II. PRINCIPLE OF OPERATION
The operation of the spin transistor is based on the following effects of carrier control of ferromagnetism, which will be quantitatively described later. In a semiconductor, at a sufficiently high temperature and sufficiently low density, the spins of all free carriers are randomly polarized. Free carriers interact via the electrostatic Coulomb force. Due to the fermionic nature of free carriers, the energy of Coulomb interaction is the lowest when all spins are aligned in the same direction. Carriers do, in fact, form such a ferromagnetic state at a sufficiently low temperature. This state can exist spontaneously, i.e., without an external magnetic field.
The band diagram of the structure is presented in Fig. 1(a) ; band bending is not shown for simplicity. The transistor consists of a p-doped emitter and collector and an undoped base. The same principle is applicable to reversed polarities of doping and currents. Here, for simplicity, we discuss operation with only one polarity of carriers. One can also envision operation involving both electrons and holes. In this case, the structure of the transistor is reminiscent of a magnetic bipolar transistor [11] .
In the initial state [see Fig. 1(a) ], none of the regions are magnetized. The density of holes in the base region is below the ferromagnetic transition for the given temperature. Therefore, a small spin-polarized base current cannot produce magnetiza- Fig. 2 . Cross-sectional scheme of a realization of integrated spin transistors. Metal contacts are made to emitters ("E"), bases ("B"), and collectors ("C"). Two cascaded transistors are shown (marked "1" and "2") with collector 1 connected to base 2 by a regrown layer of GaAs.
tion in the base. The cycle starts with applying the voltage to the emitter to inject the current [see Fig. 1(b) ]. After this stage, the density in the base is sufficient for a ferromagnetic state to form, but, since no factor breaks the isotropy, the spins are still randomly polarized. Next, a small spin-polarized current is injected to the base [see Fig. 1(c) ]. The current breaks the isotropy and causes the spins of all holes to align with its spin direction. Finally [see Fig. 1(d) ], the voltage is applied to the collector to cause a current from the base which is strongly spin-polarized. The nature of the spin gain transistor is the control of this output spin current by a small input current. The ratio of the polarized components of the two current will be termed "spin gain."
We envision a possible realization of the spin gain transistor as shown in Fig. 2 . Here the base of MnGaAs and the emitter and collector of GaAs are separated by AlGaAs barriers. These layers could be grown by molecular-beam epitaxy (MBE). The multiple layers are then etched to define the transistors. Metal electrodes are deposited to apply voltage or conduct current to regions of the spin transistor. Contacts to bases of a few "input" transistors have to be made of ferromagnetic metal and separated from the semiconductor by a tunneling barrier. For the majority of the transistors the spin-polarized current to the base will be injected from the collector of another transistor. It is enabled by graded etch and regrowth of a layer connecting collector 1 and base 2 as shown in Fig. 2 . The ability to cascade the spin transistors is a necessary condition for information processing. and it is the existence of the spin gain that enables one to drive other multiple spin transistors by the output of one spin transistor ("fan out").
To avoid unnecessary complications, we will model only the distribution of carriers in the base and consider it spatially uniform. Electric currents will be described as the exchange of particles with reservoirs in a thermal equilibrium at ambient temperature. The reservoirs correspond to the emitter, collector, and base contact. Further simulations will incorporate realistic spatial dependence of carrier distributions in the transistor. The base in this paper will be considered a quantum well, i.e., the carriers will be confined in one and unconfined in two spatial dimensions.
III. MATHEMATICAL MODEL
In this section, we describe the equations used to model the dynamics of spins of free charge carriers in a spin transistor under the action of a magnetic field and with Coulomb interaction between them and with incoming or outgoing spin-polarized current. For an introductory description of the mathematical model, see [18] .
A. Free Carrier Hamiltonian
The quantum state of free carriers (electrons or holes) in a semiconductor is represented in the basis composed by the quasi-momentum in the crystalline lattice , by the spin index (for spin with values`'' up and`'' down, along a chosen " " axis) and by the band or subband index , see, e.g., [14] . The Fermi statistics in the state of many particles is described by the anti-commuting annihilation and creation operators and , see, e.g., [19] . The variables of interest which are measurable are the average values of the two-operator products (1) Recalling that the operator for spin 1/2 is expressed via the Pauli matrices [20] (2) their components are given by the two-operator averages (retaining only the spin indexes here)
The number of particles in a state summed over spins is (6) The Heisenberg equation describes the evolution of the dynamic variables corresponding to any operator (7) Below we describe parts of the Hamiltonian corresponding to various aspects of the problem. The Hamiltonian of the kinetic energy has a very simple form-diagonal in the basis of the momentum states and independent of the spin (8) The energy of a particle in the band in most of the cases can be approximated by a parabolic dependence with a certain mass in a band (9) The interaction of the spin of a particle with the external magnetic field is proportional to the magnetic moment of the particle. That, in turn, is proportional to the spin of the particle with a constant called the "gyromagnetic ratio" [20] (10)
Here, the charge equals for holes and for electrons. Mass is the mass of a free electron. The Lande factor for free electrons and can be different and even negative for particles in a crystal. Thus, the magnetic field Hamiltonian is (11) This Hamiltonian is acting only on the spin states of the particles, and therefore we suppress the band and momentum indexes in Section III-B. The Heisenberg equation (7) with the magnetic field Hamiltonian yields
By using the expressions for the projections of the spin on the axes (3)- (5), the magnetic evolution (12)- (15) can be rendered in the familiar form of the Bloch equations [21] (16)
These equations describe precession of the magnetic moment of particles around the direction of the magnetic field.
B. Coulomb Interaction
The treatment of the Coulomb interaction between free carriers follows closely [14] . Its Hamiltonian in the momentum representation is (17) The Fourier transform in two dimensions with the quantization length of the Coulomb energy between two particles with charges and , where is the background dielectric constant of the material, is (18) The Coulomb interaction Hamiltonian contains four-operator products, whereas we have seen before that two-operator products correspond to quantities of practical significance. In the following, we will be making the Hartree-Fock approximation: substituting the average values of the four-operator product by the two-operator product averages as follows: (19) The first two terms in (19) are usually referred to as the direct and the exchange interactions. In many cases, it is possible to also approximately account for the last term in (19) , which is called "correlation." From all of the two-operator averages, we will be interested in ones with the same momentum. In other words, in this approximation, we will neglect the correlations between states with different momenta which are responsible, for example, for screening and carrier-carrier collisions. We re-introduce part of the effects described by these terms in a semiphenomenological manner. The discarded contributions are also responsible for the higher order correlations between particle states. Accounting of these terms via higher orders of 4 or 6, etc., operator products makes the description much more complicated. At the same time, it is not clear that it leads to a better agreement with the experiments.
Following the method of [14] , we modify the Coulomb potential to the screened Coulomb potential (20) In the "plasmon-pole approximation," this yields [14] (21)
where the inverse Debye plasma screening length (22) Further on, we omit the subscript " " and only use the screened Coulomb potential. The Coulomb interaction energy in the Hartree-Fock approximation is determined by the exchange interaction and corresponds to attraction between electrons or between holes (23) By examining this expression, one can see that the Coulomb interaction favors the ferromagnetic alignment of the spins of carriers.
C. Semiconductor Bloch Equations
Traditionally, in literature [14] , SBEs are used to describe interactions with electromagnetic field causing interband transitions. Here we apply them to the spin dynamics (where the classical Bloch equations originated). The new element here is the account of exchange Coulomb interaction which is responsible for ferromagnetism.
The Hamiltonian of Coulomb interaction (17) gives rise to additional contributions to the dynamics of spins. Using the Heisenberg equation (7), we express the derivatives of the twooperator averages via four-operator averages. The latter ones are approximated by Hartree-Fock as products of two-operator averages as in (19) . In the end, we obtain for the Coulomb part of the evolution (24) Thus, Coulomb interaction causes the equations for populations and polarizations to be a large coupled set of nonlinear ordinary differential equations. Now we collect all terms of the Hamiltonian evolution and write explicitly the spin indexes of the variables to form the SBE for carriers in one band (25) (26) (27) (28) We see that the structures of the Coulomb terms and the magnetic field terms are somewhat similar. In fact, one can easily see that the following substitution recasts (25)-(28) into the form of traditional Bloch equation (16):
Note that it is not a simple reduction to traditional Bloch equations, since the Coulomb enhancement term is dependent on the momentum.
The consequence of this is that the magnetic moments tend to align to enhance the external magnetic field, and henceforth the evolution is governed by the modified magnetic field . For holes, the spins are in the direction of the magnetic field. For electrons, the spins are opposite to the magnetic field, since the charge and the gyromagnetic ratio are negative. Moreover, if spins are aligned to each other, they produce an effective magnetic field which causes further alignment. This is the mechanism of spontaneous magnetization or, in other words, a ferromagnetic transition.
D. Relaxation and Carrier Injection
Quantum coherent evolution described by Hamiltonian as per the sections above is only a part of the total evolution of the observables. The other part is coming from relaxation, such as one caused by carrier-carrier collisions and by random variations of the crystal environment and from injection and removal of particles from the ensemble under study due to currents. The general equation of evolution is thus (30) Relaxation and injection are crucial for generation of a ferromagnetic state. Purely Hamiltonian evolution cannot change the average energy and therefore cannot transfer the system from its initial state to the lowest energy ferromagnetic state. Only relaxation lets the ensemble of particles evolve to the ferromagnetic state. A very fruitful approximation to describe collisions is a rate-equation approximation for the change of the populations (i.e., diagonal elements in spin indexes). This causes the populations to approach an equilibrium state given by a Fermi distribution function over the eigenstates of the total Hamiltonian (31) with rate (corresponding to a certain band ). Care must be taken to correctly describe relaxation of off-diagonal twoproduct averages. The terms responsible for the removal of particles and which are invariant relative to spin rotations and for arrival of particles in the final state are In the case of an open ensemble, particles are injected or removed from the system, and the equations are to be modified accordingly. Such a current will be treated as an interaction with a large reservoir with temperature and chemical potential (determined by the density of particles in the reservoir). Energy of states in this reservoir may depend on the total Hamiltonian of the reservoir and, in fact, may represent a spin-polarized quasi-equilibrium state. The rate of injection from the reservoir in band is designated . The removal of particles from the system for all bands is given by (34) with all possible combinations of spin and band indexes. The injection from the reservoir for each band is given by (35) Note the last terms in parenthesis, which correspond to current blocking due to the fermionic nature of the particles. The total charge current per unit area is calculated as a sum of current contributions over all quantum states (36) whereas the spin component of the current as (37) where the index can mean , , or and are the elements of the corresponding Pauli matrices. We define the spin gain of the transistor for each of the spin projections as the ratio of the integrated collector and base currents over the clock cycle
Gain
(38)
The model detailed above is uniquely suited to describe the dynamics of spin transistors. Previous approaches to ferromagnetic semiconductors and spin devices mentioned in Section I only consider the steady-state solutions and do not treat time-dependent processes. Also, approaches describing the coherent many-particle quantum states are not amenable to inclusion of relaxation processes and open ensembles. Our approach combines these capabilities. The only other approach having this advantage is the nonequilibrium (Keldysh) Green functions which is much more complicated than SBEs and gives equivalent results in the cases when both are applicable; see [14] and references therein.
IV. NUMERICAL RESULTS
In this section, we apply the above mathematical model to simulate spin dynamics in a semiconductor and, in particular, operation of a spin gain transistor. The material system we approximate here is an Mn-doped GaAs quantum well with AlGaAs barriers. Though high Curie temperature was discovered in MnGaAs semiconductors, in this paper we focus on a model of ferromagnetism arising from interaction of free carriers only. The model with spins of electrons localized in Mn ions is to follow. Since the operation of the device proposed here involves one type of carriers, we consider only one valence band here with effective mass taken equal to the mass of heavy holes in GaAs. The material parameters used are: dielectric constant 12.9, aggregated hole-hole and hole-phonon collision rate 3.5 10 s . The Lande factor for heavy holes is taken to be 4, which varies with the width of the quantum well, according to [22] .
A. Precession in the Magnetic Field
To illustrate the workings of our numerical model, we start with the precession of spins. We choose the magnetic field to be in the negative " " direction. The initial state is chosen to be Fermi distributed over the momenta with density cm and with defined values of spin projections 1, 2, . In both Figs. 3 and 4 , we see that the spin projections orthogonal to the field first precess and then get damped to the zero average value. If the temperature is high (e.g., K, see Fig. 3 ), the projection is damped to and a small value which is proportional to the magnetic field. This is characteristic for a paramagnetic state above the Curie temperature. If we now set the temperature to a low value ( K, see Fig. 4 ), the and components are still damped to zero, whereas the component grows to a large fraction of density. This is characteristic of a ferromagnetic state.
B. Ferromagnetic Conditions
Our model also demonstrates spontaneous magnetizationthe one without the external magnetic field. The evolution to a spontaneously magnetized state is presented in Fig. 5 . We pick Here and after "Den" is the density of holes, and "SX", "SY," and "SZ" are sums of the spin projections (per unit area). as an initial condition a Fermi distribution of carriers with a slightly higher chemical potential for spins in the "up" direction. It is modeling a random fluctuation of spin which serves as a seed for spontaneous magnetization. The simulation shows an increase of magnetization to a finite steady-state value.
Next we explore the dependence of the steady-state magnetization on temperature and density (Fig. 6) . At a relatively low density, cm , all the spins are aligned at very low temperatures. As the temperature grows, magnetization decreases, until it turns to zero for all temperatures higher than the Curie temperature, 15 K in this case. The temperature dependence (Figs. 6 and 7 ) of the magnetization is consistent with the known results for ferromagnets [21] . For a higher density, cm , represented in Fig. 7 , the Curie temperature becomes 27 K. This means that, at a fixed temperature, a ferromagnetic transition can be caused by increase of density.
However, the dependence is not monotonic, as we see from the phase diagram of magnetization (Fig. 8) . The ratio of magnetization per unit area divided by the density of holes per area is plotted here. The ferromagnetic state is destroyed, if the density increases above cm . There are two factors that explain this behavior. First, screening becomes stronger as the density increases. Second, as the carrier gas becomes degenerate, lower energy states become filled for both values of spin. Then a smaller the fraction of carriers, those close to the Fermi level, has different occupation of spin states, and thus their contribution to the effective magnetic field (29) decreases.
Some insight into the results of the simulation can be gained via analytical estimates for the conditions of a ferromagnetic state. If we approximate the Coulomb potential between all particles by a constant, it will amount to the mean-field approach. Let us define as a border of Fermi degeneracy the density at which the chemical potential is at the band edge. For two dimensions, this results in
For a degenerate Fermi gas, i.e., in the limit of low temperature, the condition of ferromagnetism is given by the Stoner criterion, in which DOS is the density of states for a single spin state at the Fermi energy (40)
In our case, this results in the relation that screening and therefore density must be lower than a certain value, and this corresponds to the right vertical boundary of the ferromagnetic state in Fig. 8 . The exchange interaction causes the splitting of the potential energy for the particles with spin up and spin down. In the constant potential approximation, according to (29), this is (41) where is the average spin projection per unit area. For the limit of nondegenerate Fermi gas, one can obtain the relation between the splitting and the difference of the populations with spin up and spin down (42) Equations (41) and (42) This defines the upper temperature bound for the ferromagnetic state in Fig. 8 . Note, however, that this mean-field approach is only helpful for determination of ferromagnetism in the steady state. It is not capable of describing the dynamics of the spin gain transistor.
Simulations also show that the Curie temperature is higher for materials with smaller , in agreement with (43). Thus, one can expect a high Curie temperature in, for example, GaNa, where the dielectric constant is lower. The reason for this is a stronger Coulomb exchange interaction which promotes ferromagnetism.
Equation (40) shows that a higher mass of the carriers is favorable for ferromagnetism, which again is in agreement with our simulations. This is consistent with the fact that a higher Curie temperature has been observed in materials with hole-mediated ferromagnetism than with electron-mediated ferromagnetism, since electrons typically have a lower mass. As we stressed before, the Curie temperatures in the present model are lower than those observed in MnGaAs, because the present model does not include localized spins of magnetic impurities.
C. Spin Gain Transistor
Then we simulate the dynamics of a spin gain transistor which was qualitatively described in Section II. The evolution over one clock cycle of carrier density and spin density is shown in Fig. 9 . Current and spin-polarized current as a function of time are shown in Fig. 10 . In the beginning of the clock cycle, 0 ps, one has a low density 10 cm of holes in the base (see Fig. 9 ). After 0 ps, a voltage applied to the emitter causes the emitter-base current; the base density increases. Since this current is not magnetized (see Fig. 10 ), the magnetization in the base is zero. However, the density is increased to the value set by the emitter reservoir cm , which is above the ferromagnetic transition boundary. Between 5-7 ps, a pulse of a base current is applied which is partially polarized in the direction, as pictured in Fig. 10 . It does not produce appreciable density change but triggers spontaneous magnetization which occurs from 7 to 184 ps, as seen in Fig. 9 . Finally, the voltage is applied to the collector to extract the polarized carriers from the base. From 18 to 25 ps, the carrier density in the base decreases. As it happens, the degree of spin polarization as well as the fraction of the magnetization decreases as well, because now the carrier density is below the ferromagnetic transition boundary. The base-collector current has a high degree of spin polarization. In fact, one can see from Fig. 10 that the spin current in this time interval is larger than the charge current. The reason for this is that the states in the base with spin up are filled while the states with spin down are almost empty. These results in two opposing currents-from base to collector for spin-up carriers and from collector to base for spin-down carriers. These two currents subtract in terms of the charge current, but add in the spin current.
The spin transistor behaves similarly to any other coherent amplifier, as can be seen from the dependence of output spin current on the input spin current (Fig. 11) . The input spin current changes as we vary the rate and duration of injection and the spin polarization in the reservoir. Emitter and collector reservoir parameters as well as timing within the clock cycle are kept constant. For small injected spin current, the output spin current is proportional to it. This is a linear regime with the highest spin gain of 1300 for the parameters under consideration, calculated according to (38) . As the input current increases, saturation is reached, where gain is smaller. This saturation value is determined by the maximum carrier density in the base: when all carriers are polarized, the increase in the injected spin current does not lead to larger output spin current. The practical limit to gain is set by the spin fluctuations; their consideration is beyond the scope of this paper.
This example demonstrates how our mathematical model treats the ferromagnetic transition. When the density is below the critical one, the state with the zero average spin (i.e., all spins randomly aligned) is the most energetically favorable and thus stable. Once the density exceeds the critical value, a state with ferromagnetically aligned spins becomes stable. Any fluctuation would cause the spins to spontaneously align with a random direction of the total polarization. In this manner, the initial rotational symmetry would be spontaneously broken.
The injected spin-polarized current provides a small effective magnetic field according to (28). This magnetic field makes its direction energetically preferable; as a result of spin relaxation (32) and (33), more spins end up aligned in this direction until an equilibrium distribution gets established. In fact, the input spin current exercises control of the symmetry breaking in the phase transition. It ensures that the final polarization state will be along the input polarization.
D. Characterization and Experimental Feasibility
There are a few methods to experimentally characterize the operation of a spin gain transistor. Time-varying spin polarization can be measured with Faraday rotation [23] ; this method has subpicosecond time resolution. Steady-state spin polarization can be detected by a tunneling magnetoresistance structure as in [24] . Also, the spin polarization can be detected by the polarization of light from a light-emitting diode in which the current is injected [1] . Another method of electric spin detection is based on spin-voltaic effect [25] .
Finally, we review a few features of the spin gain transistor supporting its feasibility.
• The nonmagnetic materials GaAs and AlGaAs are standard for electronics, the ferromagnetic material's MnGaAs magnetic properties, and the methods of epitaxy has been well studied; • The structure is a standard QW reminiscent of that used for diode lasers. No layer thicknesses or lateral dimension out of the ordinary required.
• Process is MBE and reactive ion etch which are readily available.
• Density up to 2 10 cm are typical variations of density that can be achieved by gating with a few volts.
• Current of 10 A/cm is typical for transistors.
• 25 ps is comparable with modern electronic transistor gate delays, thus spin transistors can be driven or read-off at such speed. Overall, all of the elements necessary for the spin gain transistor have been demonstrated and no obvious obstacles exist to its realization.
V. CONCLUSION
In this paper, we have examined operation of a spin gain transistor. Its principle of operation is based on the carrier control of ferromagnetism and control of spontaneous magnetization by a weak current. It enables obtaining a strong spin-polarized current which is a replica of the control current with a gain in spin component of the current of more than 1000. We developed a theory and a numerical simulation scheme to describe such a transistor based on SBEs. We describe within the same formalism precession of spins in a magnetic field, ferromagnetic ordering without the magnetic field, temporal evolution of charges, and spins in a spin transistor. Results of simulations for a generic material system are presented which validate that the mathematical model describes the qualitative trends of ferromagnetism in semiconductors and demonstrates the principle of operation of the spin gain transistor.
